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ABSTRACT 
A Coxeter graph is a connected graph each of whose edges is labeled with an 
integer > 3 or with to. The adjacency matrix of a Coxeter graph G, denoted by 
A(G) = (a,), is defined to be a square matrix of order IV 1, where aij = 2 co&r/p> if 
the edge (i, j) is labeled with the integer p, and 0 if there is no edge joining vertex i 
with vertex j. For any positive integer k, we denote by Pk the characteristic 
polynomial of the adjacency matrix of the path on k vertices. A Coxeter graph G is 
said to be path-positioe if for all positive integers k the matrix P,(A(G)) is entrywise 
nonnegative. It is shown that with the exception of a few cases, which are A, B, D, E, 
F, H, and I, any Coxeter graph is path-positive. The resnlt can be interpreted as a 
new criterion for the infiniteness of a Coxeter group. 
1. INTRODUCTION 
We start with a few definitions which will be needed throughout this 
paper. A graph G = (V, E) consists of a finite nonempty set V (the vertex 
set) together with a set E (the edge set) of unordered pairs of distinct 
elements of V. A Coxeter graph is a connected graph each of whose edges is 
labeled with an integer > 3 or with ~0. Since the label 3 occurs frequently, 
we omit it when representing a graph by a picture. 
The adjacency matrix of a Coxeter graph G, usually denoted by A(G) = 
(aij>, is defined to be a square matrix of order IV 1 (IV I denotes the cardinality 
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of V) where aii = 2 cos(r/p) if the edge (i,j) is labeled with the integer p, 
and 0 if there is no edge joining vertex i with vertex j. Note that p = 00 
corresponds to aij = 2 for i f j and aii = 0 for i = 1,2, . . . , n. 
For basic concepts in graph theory which are not explicitly defined here 
we refer to Harary [5], and for an introduction to Coxeter groups and Coxeter 
graphs we refer to Humphreys [7]. 
A Coxeter system consists of a pair (W, S) where W is a group and S is 
a set which consists of the generators of the group W. The elements of the 
set S have only relations of the form (ss’)~‘(~*~‘) = 1 where m(s, s) = 1, 
m(s, s’> = m(s’, .s> > 2 for s # s’ in S. In case no relation occurs for a pair 
s, s’, we make the convention that m(s, s’> = 0~). 
To represent a Coxeter system (W, S) we need a finite set S of generators 
and a symmetric matrix M whose rows and columns are indexed by S with 
entries in z U {m} subject only to the conditions m(s, s) = 1, m(s, s’> > 2 if 
s # s’. Equivalently, one can draw a graph G with S as the vertex set, joining 
vertices s and s’ by an edge labeled m(s, s’) whenever this number (M 
allowed) is at least 3. If distinct vertices s and s’ are not joined, we 
understand that m(s, s’) = 2. The graph G is called the Coxeter graph 
corresponding to the Coxeter system (W, S). A Coxeter system is said to be 
irreducible if the corresponding Coxeter graph G is connected. 
Since each of the generators s E S has order 2 in W, each w # 1 
(identity) in W can be written in the form w = slsz . . . s, for some si (not 
necessarily distinct) in S. If r is the smallest integer for which the above 
expression is possible, then r is called the length of w, written l(w). 
We now look at the geometrical representation of W. Let (W, S) be the 
given Coxeter system. We consider a vector space V over R, having a basis 
( (Y,~ 1 s E S} which has one-to-one correspondence with S. We define a 
symmetric bilinear form B on V by taking 
B(?S, a,,) = -cos 7r 
m(s, s’) . 
[This expression is interpreted to be - 1 in case m(s, s’) = m.1 We then get a 
relation 
A(G) = 2( Z - B). 
By a super-graph of a graph G 7 (V, E), ye mean a connected graph 
d = (q, E”) such that V G vL E = E or E s E, and m < 6~ if e E E C E 
has label m in G and & in G. 
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The path on n vertices (or of length n - 1) is the graph with n vertices, 
say 1,2,. . . , n, with n - I edges such that vertices i and i + I are adja- 
cent, i = 1,2,. . . , n - 1. The adjacency matrix of the path is clearly the tri- 
diagonal matrix with 1 on the super- and sub-diagonals and zeros elsewhere. 
We will denote the adjacency matrix of the path on n vertices by A,,. 
For any positive integer k, we denote by Pk the characteristic polynomial 
of A,. We also make the convention that PO = 1. We have 
Pk( A) = det( AZ - Ak) for k = 1,2,... . (1.1) 
Throughout this paper, for any matrix A, by A 2 0 we will mean that the 
matrix A is a nonnegative matrix, that is, the entries of the matrix A are 
nonnegative. Also, A > B will mean that aij > bfj for all i, j. We introduce 
the following definitions: 
DEFINITION. The k th path matrix of the graph G is defined to be the 
matrix Pk( A(G)). 
DEFINITION. A Coxeter graph G is said to be path-positive of order m if 
for all k = 1,2,..., m the k th path matrix of G is nonnegative. Further- 
more, the Coxeter graph is said to be path-positive if for all positive integers 
k the kth path matrix is nonnegative. 
The authors conjectured in [I] that any connected graph (that is, a 
Coxeter graph, each of whose edges is labeled 3, also known as a simply 
laced Coxeter graph) is path-positive apart from some exceptional cases, 
which are A,, D,, E,, E,, E, (see Figure 1). It was brought to our notice by 
Professor J. J. Seidel that the proof of this conjecture is contained in de la 
Harpe and Wenzl [6]. 
Let us consider the two lists of graphs in Figures 2 and 3. As we shall see 
below, to decide if G is path-positive one can restrict one’s consideration to 
fairly simple graphs: the cycle and the trees. In this paper, we first prove the 
path positivity of graphs that appear in Figures 2 and 3 but are not covered 
by de la Harpe and Wenzl [6]. We then show that a Coxeter graph is 
path-positive if and only if it is not in the list of graphs in Figure 1. The result 
can be interpreted as a new criterion for the infiniteness of a Coxeter group. 
Several equivalent criteria for the finiteness of a Coxeter group can be found 
in Proposition 4.1 of Deodhar [2]. We will only state four of them. The 
equivalence of the fifth condition with 1-4 is proved in this paper. 
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Assume (W, S) to be irreducible. Then the following statements are 
equivalent: 
(1) W is finite. 
(2) The root system Q, corresponding to the Coxeter graph (W, S) is 
finite. 
(3) The set {Z(w) 1 w E W} is bounded above. 
(4) The bilinear form B(., . 1 is positive definite. 
(5) The Coxeter graph corresponding to (W, S> is not path-positive. 
2. PRELIMINARIES 
We begin by noting that the matrix A, is given by 
CA*)ij = ( 1 if li -jl = 1, 0 otherwise. (2.1) 
We see that A, is a symmetric matrix, and hence any power of A, or any 
polynomial in A,, will give rise to a symmetric matrix. On expanding the 
determinant in (1.1) along the first row, we get the recurrence relation 
P!%(A) =API,-,(A) - Pk-2(A) for k = 2,3,... (2.2) 
with P,(A) = A and P,,(A) = 1. Th e recurrence relation can be used to get a 
closed expression for Pk, (see Lovisz [ 10, p. 721): 
(2.3) 
where [xl denotes the greatest integer less than or equal to x. It is needed in 
the proof of Lemma 3.4 and Lemma 3.5. The following result was obtained 
in [I]. 
LEMMA 2.1. For any positive integer k and square matrices A and B of 
the sarm order. 
k-l 
Pk( A + B) = P,(A) + c Ps( A)BZ’_,_,( A + B). 
,Y = 0 
LEMMA 2.2. Let G = (V, E) be a graph with IV\ = n. Let k be a 
supergraph of G. Zf G is path-positive, then so is 6. 
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Proof. We consider ~0 ca_ses. 
Case (i). Suppose G = (V, II?), where V = V U {i,} for i, E V and 
I? = E U (il, I) for some I E V. Number the vertices of the graph G in such 
a way that vertex i, is given number 1 and vertex 1 E V is given number 2. 
The renumbering of the vertices does not affect the path positivity of G. 
We must show that the k th path matrix of G is nonnegative for all 
positive integers k. The matrix A(G) 1s a square matrix of order n + 1 and of 
the form 
A(d) = 
where ei = (l,O, . . . , 0) E R” (t denotes transpose), 
0 ot 
A = o A(G) , and B = 
[ 1 0 e, 
(say)) 
4 
1 
0 * 
We shall use induction on k to show that the kth path matrix of G is 
nonnegative for all positive integers k. 
For k = 1, the claim is trivial. Let the claim hold true for all k, 
1 < k < m. We shall prove it for k = m + 1. By Lemma 2.1, we get 
f’m+l(A(@) = P,,+dA + B) 
=Pmtl(A) + ~Y,(A)BY,,_,(A +B). (2.4) 
s=o 
We note the following about the expression on the r.h.s of (2.4): 
(1) I’,( A) > 0 for all s = 0, 1,2, . . . , m + 1, except possibly for the entry 
(1, l), which may be - 1. 
(2) B 2 0. 
(3) By induction hypothesis, P,( A + B) 3 0 for all 1, 0 < 1 < m. 
(4) The matrix Pk( A(G)) is a symmetric matrix, as A(G) is a symmetric 
matrix. 
Hence, we see that by (2.41, the (m + l)th path matrix of A(6) 
is nonnegative except possibly for the entry (I, 1). We shall show that 
(P,,] + 1( A(d))),, > 0. 
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Using (2.3, we have 
pm+ l( A(Q) = pm+1 (A+B)=(A+B)P,(A+B)-P,_,(A+B). 
Since the first row of A is zero, using Lemma 2.1, we get 
(&+I( “tQ))ll = (PA A + B))21 - (Ll(A + BHll 
m-l 
-(P,,-l(A + B))ll 
m-l 
= (U A))21 + c (PA A)BPm-1-J A + w21 
s=l 
+(f’otA)%-,(A + B)),, - (Pm-64 + B)),, 
77-l 
= x1 oxwL-,tA + B)),, 
+(pm- I(A + B)),, - ( P,,-I( A + B)),, 
m-l 
= sg, (P,tWL-,(A + B)),, 
the absence of (P,(A)),, in the fourth equality is due to the fact that 
(P,,(A)),, = 0. W e get the last inequality because of the following: the 
second row of P,(A) is nonnegative for all s, 1 < s Q m - 1; B > 0; and by 
the induction hypothesis the first column of P,( A + B) is nonnegative for 
1 < 1 < m - 1. Hence the result follows for case 6). 
Case (ii). Suppose the label of an edge in E’ is greater than the label of 
the corresponding edge in E. In this case we write A(6) = A(G) + B = 
A + B (say), where B > 0 is of order n. We prove this case by induction on 
k as well. Clearly P1( A + B) > 0. Let Pk( A + B) > 0 Vk, 1 < k < m. Since 
G is path-positive, P,(A) > 0 for all s. Also B 2 0, and therefore we have, 
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using Lemma 2.1 and the induction hypothesis, 
Pm+l( A + B) = Pm+l( A) + 2 Ps( A)BP,_,( A + B) > 0. 
s = 0 
Therefore the result for case (ii) follows. 
3. PATH POSITIVITY OF GRAPHS IN gz 
In this section, we outline a proof of the fact that the graphs in Figures 2 
and 3 which are not covered by [6] are path-positive. Our technique is as 
follows. For showing the path positivity of 6, and C, we use the spectral 
decomposition of their adjacency matrices. These decompositions were not 
found in the literature and are perhaps given here for the first time. We refer 
to [3] for the spectral decompositions of some other graphs in ga. For 
showing the path positivity of 2, and Z, we have to use a different ad hoc 
method; see [9]. 
The adjacency matrix A(G) of any graph G is a real symmetric matrix. So 
there exists an orthogonal matrix Q such that A(G) = QDQ”, where D is a 
diagonal matrix whose diagonal entries are the eigenvalues of A(G). Since Q 
is orthogonal, 
f’d A(G)) = h(QDQt) = QPdD)Qt. (3.1) 
Hence we look at the behavior of P,(A) for A E Iw. 
LEMMA 3.1. For any A E R, the difirence equation 
Pk(A) = APk-,(A) - Pk-LdA) for k = 2,3,... (3.2) 
with 
P,(A) = 1 and P,(A) =A (3.3) 
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is solved by 
1 sin(k + 1)x sin x if A=2cosx, o<x<;; 
P,(h)=(k+l if A=2; 
I sinh(k + 1)~ sinh x if A=2coshx, O<x. 
Proof. An easy computation gives the result. 
REMARK 1. It can be checked that in general we also have 
(3.4) 
for A # 2. 
REMARK 2. It is easily seen that Pk(- A) = (- #P,(A). 
COROLLARY 3.2. We have the following: 
(i) Pk(0) = 0 if k is odd and (- ljkj2 if k is even. 
(ii) For A = 8” + 6-‘, 1 = 0, 1,2,. . . , r - 1, where 8 = exp(2ni/r) 
pk(A) = k (31(k-2u), 
u=o 
( 3.6) 
In particular, for positive integers m, using (3.5) we have 
P,,(1)=p6m+1(l) = 1 = -P,,+,(l) = -P&%+4(1), 
Pfh+2(1) =hn+5w = 0. 
Proof. See Corollary 1.4.2 of [9]. n 
The particular cases discussed above are needed in the proof of Lemma 
3.4, Lemma 3.5, and Lemma 3.6. 
From now on we will write G in place of A(G) for the adjacency matrix 
of the graph G. 
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LEMMA 3.3. The graphs A,, tin, .!$, I&, and .!& are path-positive. 
Proof. See [6]. 
LEMMA 3.4. The graph c’, for n 2 2 is path-positive. 
Proof. The spectral decomposition of 6, is En = QDQ”, where 
D = diag( 8’ + 0-r for I = 1,2,. . . , n - 1,2, -2) 
and 
Q=& 
45 -45 
(ej” + e-j”), 6 6 
j,k=1,2 ,..., n-l 
I 
‘: 
ti (-I)“-% 
with 0 = exp(27ri/2n). Using Corollary 3.2, it is seen that we need to 
consider different cases. A case-by-case study gives the desired result. (A 
detailed account of the different cases is given in Lemma 1.4.5 of [SJ].) n 
LEMMA 3.5. The graph 6, for n > 3 is path-positive. 
Proof. Here we have separate spectral decompositions for n odd and n 
even. 
Case (i): n even. The spectral decomposition of Z?, is g,, = QDQ”, 
where 
D=diag(O1+K1 for1=1,2 ,..., n-2,2, -2,0) 
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and 
Q = 
1 
e&F-i 
(fi(ejk + e-jk)), 
j,k=1,2 ,..., n-2 
‘( -qk45 
( -qkV5 
\ 2 
\ 
2 (-1)2 0 
2 (-1)“2 0 
2 2(-1)“-2 0 
-1 -&cTy I 1 
1 
,&G 0 
-1 J_ 
with e = exp(2ri/2n - 2). 
Case (ii): n oa!d. Then n - 1 is even. Therefore, 
and hence 
,(nPW2 + @n-W = 0 
Thus, for any odd integer k, we get 
,yk(n~W + @(n-1)/2 = 0 
The spectral decomposition of g, is L?, = QDQ’, where 
29 
8’+8-1forZ=1,2,...,n-2withk# 
n-l 
-, 2, -2,o, 0 
2 
and 
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Reasoning as in Lemma 3.4 gives us the desired result (or see Lemma 
1.4.6 of [9]>. n 
LEMMA 3.6. The graphs G4, k,, and A, are all path-positive. 
Proof. Let d be any graph from the three graphs given above. Then the 
spectral decomposition of G is G = QDQ”, where D is a diagonal matrix and 
Q is an orthogona! matrix. For each case we give the matrices D and Q. 
Case (i): For F4, we have 
D = diag(2, 1, 0, -1, -2), 
1 2dz 6 
2 2dz 0 
Q=& 3 0 -6 
245 -2 0 
,a -2 245 
Case (ii): For G,, we have 
D = diag(2,0, -2), 
2diT 1’ 
-2le -2 
0 3 . 
2 -2dii 
-2 ti/ 
Case (iii): For iI, we have 
D = diag(2, -2), 
In case (i), 1 is an eigenvalue, and hence by Corollary 3.2 we see that we shall 
have to consider six subcases. The other two cases are easier. We have made 
tables (given in the Appendix) to show that (Pk(k))ij > 0 whenever there 
exists a path of length k from vertex i to vertex j. W 
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LEMMA 3.6. Z, and Z, are path-positive. 
Proof. See Appendix 4 of [9]. n 
Thus we have shown that all the graphs listed in Figures 2 and 3 are 
path-positive. Our proof is clearly not very elegant. We leave it as an open 
problem to find a concise proof. 
4. THE MAIN THEOREM 
LEMMA 4.1. If G is any graph from the list of graphs in Figure 1, then 
G is not path-positive. 
Proof. It is known (see, for example, Mehta [ll, p. 1251) that if G is any 
graph in gr then the spectrum of G is contained in that of some path. It 
follows that there exists a positive integer Nc such that PNC(G) = 0. For a 
different proof of this fact see Seidel 1121. 
We now show that the graphs in Figure 1 are not path-positive. For each 
G in %i; consider PI;(G). If P,(G) f or some k < N, has at least one negative 
entry, then by definition, G is not path-positive. Suppose P,(G) is entrywise 
nonnegative for all integers k < N,. Let T be the smallest integer for which 
P,(G) = 0 and P,_ ,(G) has at least one positive entry [such a T exists, as 
P,$G) = 01. We have 
PT+l(G) = GP,(G) - PT_I(G) = -PT-,(G) < 0. 
Since P,_,(G) B 0 and h as at least one positive entry, P,+,(G) contains at 
least one negative entry. Hence G is not path-positive. n 
THEOREM 4.2. A graph G is not path-positive if and only if G is from 
the list in Figure 1. 
Proof. Suppose G is not path-positive. Then by Lemma 2.2, G cannot 
be a supergraph of any graph which is in Figure 2 or 3. Thus: 
(1) G does not have A,” as a subgraph; hence G is a tree. 
(2) G does not have D4 as a subgraph; hence no more than three edges 
can originate at a given vertex of G. 
(3) G does not have D, for n > 5 as a subgraph; hence at most one 
vertex of G can have degree 3. 
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(4) G cannot have C, for some n > 2 as a subgraph; hence G cannot 
have two or more edges marked (that is, having _label other than 3). 
(5) In view of the path positivity of G, and A,, if the label of any edge of 
G exceeds 5, then the number of vertices n in G cannot be more than 2, and 
the label must be finite. 
(6) G does not have g4 as a subgraph; hence G can only be F4. 
(7) G does not have Z, and Z, as subgraphs; hence the graph G is either 
H, or H4. 
(8) G does not have I?,, as a subgraph; hence G can have a branch point, 
but no edge of G can be marked. 
TABLE 1 
c 
k even 
k = 6n 6n + 2 6n + 4 
Entry n odd n even n odd n even n odd n even 
n+l n+2 n+l n n-l n 
(1,l) 
-j-- 
- - 
2 2 2 2 2 
3n + 1 3n 3n + 1 3n + 2 3n + 3 3n + 2 
0,3) - 
2 ?r 2 2 2 2 
n+2 
fi 
2n + 1 2n + 1 2n + 1 
(2n + 116 (2n + l>& (2n + 2)ti (2n + 2145 
9n + 1 9n + 2 9n + 5 9n + 4 9n + 7 9n + 8 
(3,3) 
y-- 
- 
2 --?-- 2 2 2 
3n + 1 3n 3n + 1 3n + 2 3n + 3 3n + 2 
(3,5) - - - fi z fi fi fi 6 
(4,4) 4n+l 4n+l 4n + 2 4n + 2 4n + 3 4n + 3 
(5,5) n n+l n+l n n n+l 
k odd 
Entry 
cl,21 
(1,4) 
(2,3) 
@,5) 
(3,4) 
(4,5) 
k=6n+l 
n+l 
n2 J- 
3n + 1 
nfi 
(3n + 1)&i 
2n + 1 
6n + 3 6n + 5 
(n :“l)fi 
nfl 
(n + l>&i 
3n + 2 3n + 3 
(n + 1m (n + l>& 
(3n + 2)& (3n + 3)fi 
2n f 1 2n + 2 
34 R. B. BAPAT AND A, K. LAL 
(9) G does not have I$, I&, and I$ as subgraphs; hence G will have 
branches of lengths p, q, r with 
(p>q>T) = (1,2,2),(1,2,3),(1,2,4),(1,1,m). 
We conclude that G is in %‘i. 
Conversely, suppose G is in ‘Zi. Then by Lemma 4.1, G is not path- 
positive. n 
REMARK i. If G is in SF2 or %a, then we have in fact proved that 
Pk( A(G)) is nonnegative and nonzero for all k. It then follows from Lemma 
2.2 that any Coxeter graph G either is in %‘r or has the property that 
Pk( A(G)) is nonnegative and nonzero for all k. 
REMARK ii. Any connected graph on n vertices is path-positive of order 
n. This can be seen as follows: for A,, B,, E,, E,, and E,, it was proved in 
[l]. Other connected graphs are path-positive by Theorem 4.2. 
REMARK iii. Theorem 4.2 implies that for a Coxeter graph there are two 
possibilities: either it is in ‘Z?i or it is path-positive. 
The results contained in the first two remarks were conjectured in [l]. 
APPENDIX 
Tables l-3 demonstrate how (Pk(G))ij 2 0 whenever there exists a path 
of length k from i to j. 
TABLE 2 
62 
k = 2n 
Entry n odd n even 211 + 1 
n-l 
(1,l) - 
2 
(1,2) 0 
(1,3) 
(n + l)v5 
2 
(22) 2n + 1 
(2,3) 0 
3n + 1 
(3,3) - 
2 
n+2 
0 
2 
n-t1 
11 :: 3 
0 
2 
2n + 1 0 
0 (n + 116 
3n + 2 
0 
2 
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TABLE 3 
Entry k = 2n 211 + 1 
(1,l) n+l 0 
Cl,21 0 n.+-l 
(2,2) n+l 0 
Professor J. J. S&de1 pointed out important references to us, made 
valuable suggestions, and showed great interest in the problem throughout. 
Professor V. S. Sunder helped us in tying to understand mathematics with 
which we a>ere not familiar. We express our gratitude to both of them. 
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